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Abstract
The purpose of this paper is to study non-L0-linear perturbations of random
isometries in random normed modules. Let (,F ,P) be a probability space, K the
scalar ﬁeld R of real numbers or C of complex numbers, L0(F ,K ) the equivalence
classes of K-valued F -measurable random variables on, (E1,‖ · ‖1) and (E2,‖ · ‖2)
random normed modules over K with base (,F ,P). In this paper, we ﬁrst establish
the Mazur-Ulam theorem in random normed modules. Making use of this theorem
and the relations between random normed modules and classical normed spaces, we
show that if f : E1 → E2 is a surjective random ε-isometry with f (0) = 0 and has the
local property, where ε ∈ L0(F ,R) and ε ≥ 0, then there is a surjective L0-linear
random isometry U : E1 → E2 such that ‖f (x) – U(x)‖2 ≤ 4ε, for all x ∈ E1. We do not
obtain a sharp estimate as the classical result, since random normed modules have
a complicated stratiﬁcation structure, which is the essential diﬀerence between
random normed modules and classical normed spaces.
MSC: 46A22; 46A25; 46H25
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1 Introduction
Random metric theory originated from the theory of probabilistic metric spaces []. The
random distance between two points in an original random metric space (brieﬂy, an RM
space) is a nonnegative random variable deﬁned on some probability space, similarly, the
random norm of a vector in an original random normed space (brieﬂy, an RN space) is
a nonnegative random variable deﬁned on some probability space. The development of
RN spaces in the direction of functional analysis led Guo to present a new version of RM
and RN spaces in [], where the random distances or random norms are deﬁned to be
the equivalence classes of nonnegative random variables according to the new versions.
Based on the new version of an RN space, Guo presented a deﬁnitive deﬁnition of the
random conjugate space for an RN space. Along with the deep development of the the-
ory of random conjugate spaces, Guo established the notion of a random normed module
(brieﬂy, an RN module) in []. In the past ten years, as the central part of random metric
theory, random normed modules and random locally convex modules (brieﬂy, RLCmod-
ules) together with their random conjugate spaces have been deeply studied under the
(ε,λ)-topology in the direction of functional analysis, cf. [–] and the related references
in these papers.
©2014 Zhao et al.; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.
Zhao et al. Journal of Inequalities and Applications 2014, 2014:496 Page 2 of 8
http://www.journalofinequalitiesandapplications.com/content/2014/1/496
The purpose of this paper is to study non-L-linear perturbations of random isometries
in random normedmodules. For the readers’ convenience, let us ﬁrst recall some classical
results as follows.
Let X, Y be two Banach spaces and ε a nonnegative real number. A mapping f : X → Y
is said to be an ε-isometry provided
∣∣∥∥f (x) – f (y)∥∥ – ‖x – y‖∣∣≤ ε for all x, y ∈ X.
The study of surjective ε-isometry has been divided into two cases:
() f is surjective and ε = ;
() f is surjective and ε = .
A celebrated result, known as the Mazur-Ulam theorem [], is a perfect answer to
case ().
Theorem . (Mazur-Ulam) Let X and Y be two Banach spaces, f : X → Y a surjective
isometry with f () = . Then f is linear.
For case (), after many eﬀorts of a number of mathematicians, the following sharp es-
timate was ﬁnally obtained by Omladič-Šemrl [].
Theorem . (Omladič-Šemrl) Let X and Y be two Banach spaces, f : X → Y a surjective
ε-isometry with f () = . Then there is a surjective linear isometry U : X → Y such that
∥∥f (x) –U(x)∥∥≤ ε for all x ∈ X.
In order to introduce the main results of this paper, we need some notation and termi-
nology as follows:
K : the scalar ﬁeld R of real numbers or C of complex numbers.
(,F ,P): a probability space.
L(F ,K ) = the algebra of equivalence classes of K-valued F -measurable random
variables on (,F ,P).
L(F ) = L(F ,R).
L¯(F ) = the set of equivalence classes of extended real-valued F -measurable random
variables on (,F ,P).
As usual, L¯(F ) is partially ordered by ξ ≤ η iﬀ ξ(ω) ≤ η(ω) for P-almost all ω ∈ 
(brieﬂy, a.s.), where ξ and η are arbitrarily chosen representatives of ξ and η, respec-
tively. Then (L¯(F ),≤) is a complete lattice,∨H and∧H denote the supremum and inﬁ-
mum of a subsetH , respectively. (L(F ),≤) is a conditionally complete lattice. Please refer
to [] or [, p.] for the rich properties of the supremum and inﬁmumof a set in L¯(F ).
Let ξ and η be in L¯(F ). ξ < η is understood as usual, namely ξ ≤ η and ξ = η. In this pa-
per we also use ‘ξ < η (or ξ ≤ η) onA’ for ‘ξ(ω) < η(ω) (resp., ξ(ω)≤ η(ω)) for P-almost
all ω ∈ A’, whereA ∈F , and ξ and η are representatives of ξ and η, respectively.We have
L¯+(F ) = {ξ ∈ L¯(F ) | ξ ≥ },
L+(F ) = {ξ ∈ L(F ) | ξ ≥ },
L¯++(F ) = {ξ ∈ L¯(F ) | ξ >  on },
L++(F ) = {ξ ∈ L(F ) | ξ >  on }.
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Besides, I˜A always denotes the equivalence class of IA, where A ∈ F and IA is the
characteristic function of A. When A˜ denotes the equivalence class of A (∈ F ), namely
A˜ = {B ∈F | P(AB) = } (here, AB = (A \ B)∪ (B \A)), we also use IA˜ for I˜A.
Deﬁnition . Let (E,‖ · ‖) and (E,‖ · ‖) be two random normedmodules over K with
base (,F ,P) and ε ∈ L+(F ). A mapping f : E → E is said to be a random ε-isometry
provided
∣∣∥∥f (x) – f (y)∥∥ – ‖x – y‖∣∣≤ ε for all x, y ∈ E.
If ε = , then the mapping f is called a random isometry; and it is said to be a surjective
random ε-isometry if, in addition, f (E) = E.
Now,we give themain results of this paper, namelyTheorems . and . below. ForThe-
orem ., it is easy to see that it has the same shape as the classical Mazur-Ulam theorem,
but it is not trivial since we must make full use of the relations between random normed
modules and classical normed spaces in the process of the proof. For Theorem ., we do
not get a sharp estimate as the classical result, namely Theorem ., since the complicated
stratiﬁcation structure in the random setting needs to be considered, which is the essential
diﬀerence between random normed modules and classical normed spaces.
Theorem . Let (E,‖ · ‖) and (E,‖ · ‖) be two complete random normed modules over
K with base (,F ,P), f : E → E a surjective random isometry. Then f is an L-linear
function.
Theorem . Let (E,‖ · ‖) and (E,‖ · ‖) be two complete random normed modules over
K with base (,F ,P). If f : E → E is a surjective random ε-isometry with f () =  and
has the local property. Then there is a surjective L-linear random isometry U : E → E
such that
∥∥f (x) –U(x)∥∥ ≤ ε for all x ∈ X.
The remainder of this paper is organized as follows: in Section  we will brieﬂy collect
some necessary well-known facts; in Section  we will give the proofs of the main results
in this paper.
2 Preliminaries
Deﬁnition . ([, ]) An ordered pair (E,‖ · ‖) is called a random normed space (brieﬂy,
an RN space) over K with base (,F ,P) if E is a linear space over K and ‖ · ‖ is a mapping
from E to L+(F ) such that the following are satisﬁed:
(RN-) ‖αx‖ = |α|‖x‖, ∀α ∈ K and x ∈ E;
(RN-) ‖x‖ =  implies x = θ (the null element of E);
(RN-) ‖x + y‖ ≤ ‖x‖ + ‖y‖, ∀x, y ∈ E.
Here ‖ · ‖ is called the random norm on E and ‖x‖ the random norm of x ∈ E (if ‖ · ‖ only
satisﬁes (RN-) and (RN-) above, it is called a random seminorm on E).
Furthermore, if, in addition, E is a left module over the algebra L(F ,K ) (brieﬂy, an
L(F ,K )-module) such that
(RNM-) ‖ξx‖ = |ξ |‖x‖, ∀ξ ∈ L(F ,K ) and x ∈ E.
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Then (E,‖ ·‖) is called a randomnormedmodule (brieﬂy, an RNmodule) overK with base
(,F ,P), the random norm ‖ · ‖ with the property (RNM-) is also called an L-norm on
E (a mapping only satisfying (RN-) and (RNM-) above is called an L-seminorm on E).
Deﬁnition . ([]) Let (E,‖ · ‖) be an RN space over K with base (,F ,P). A linear
operator f from E to L(F ,K ) is said to be an a.s. bounded random linear functional if
there is ξ ∈ L+(F ) such that ‖f (x)‖ ≤ ξ‖x‖, ∀x ∈ E. Denote by E∗ the linear space of a.s.
bounded random linear functionals on E, deﬁne ‖ ·‖ : E∗ → L+(F ) by ‖f ‖ =
∧{ξ ∈ L+(F ) |
‖f (x)‖ ≤ ξ‖x‖ for all x ∈ E} for all f ∈ E∗, then it is easy to check that (E∗,‖ · ‖) is also an
RN module over K with base (,F ,P), called the random conjugate space of E.
Deﬁnition. Let (E,‖·‖) and (E,‖·‖) be twoRNmodules overK with base (,F ,P),
a module homomorphism f : E → E is said to be L-linear.
Example . ([]) Let L(F ,B) be the L(F ,K )-module of equivalence classes of F -ran-
dom variables (or, strongly F -measurable functions) from (,F ,P) to a normed space
(B,‖ · ‖) over K . ‖ · ‖ induces an L-norm (still denoted by ‖ · ‖) on L(F ,B) by ‖x‖ := the
equivalence class of ‖x(·)‖ for all x ∈ L(F ,B), where x(·) is a representative of x. Then
(L(F ,B),‖ · ‖) is an RN module over K with base (,F ,P). Specially, L(F ,K ) is an RN
module, the L-norm ‖ · ‖ on L(F ,K ) is still denoted by | · |.
Deﬁnition . ([]) Let (E,‖ · ‖) be an RN space over K with base (,F ,P). For any pos-
itive numbers ε and λ with  < λ < , let Nθ (ε,λ) = {x ∈ E | P{ω ∈ | ‖x‖(ω) < ε} >  – λ},
then {Nθ (ε,λ) | ε > , < λ < } forms a local base at θ of some Hausdorﬀ linear topology
on E, called the (ε,λ)-topology induced by ‖ · ‖.
From now on, we always denote by Tε,λ the (ε,λ)-topology for every RN space if there
is no possible confusion. Clearly, the (ε,λ)-topology for the special class of RN modules
L(F ,B) is exactly the ordinary topology of convergence in measure, and (L(F ,K ),Tε,λ)
is a topological algebra over K . It is also easy to check that (E,Tε,λ) is a topological module
over (L(F ,K ),Tε,λ) when (E,‖ · ‖) is an RN module over K with base (,F ,P), namely
the module multiplication operation is jointly continuous.
Let E be an L(F ,K )-module. A sequence {xn,n ∈ N} in E is countably concatenatable
in E with respect to a countable partition {An,n ∈N} of  to F if there is x ∈ E such that
I˜Anx = I˜Anxn for each n ∈ N , in which case we deﬁne
∑∞
n= I˜Anxn as x. A subset G of E is
said to have the countable concatenation property if each sequence {xn,n ∈ N} in G is
countably concatenatable in E with respect to an arbitrary countable partition {An,n ∈N}
of  to F and∑∞n= I˜Anxn ∈ G. It is easy to see that a complete RN module E under Tε,λ
has the countable concatenation property.
The following deﬁnition is very important for the main results of this paper.
Deﬁnition . ([]) Let (E,‖ · ‖) and (E,‖ · ‖) be two RN modules over K with base
(,F ,P). A mapping f : E → E is said to have the local property if
I˜Af (x) = I˜Af (I˜Ax)
for any A ∈F and x ∈ E.
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3 Proofs of main results
In order to give the proof of Mazur-Ulam theorem on random normed modules, we need
the following lemmas and readers can ﬁnd the proofs of them in [].
Lemma . ([]) Let E be a left module over the algebra L(F ,R), f : E → L(F ,R) a ran-
dom linear functional and p : E → L(F ,R) an L-linear function such that f (x) ≤ p(x),
∀x ∈ E. Then f is an L-linear function. If R is replaced by C and p is an L-seminorm such
that |f (x)| ≤ p(x), ∀x ∈ E, then f is also an L-linear function.
Lemma. ([]) Let (E,‖·‖) be an RNmodule over K with base (,F ,P) and ≤ p≤ +∞.






‖x‖p dP) p , when ≤ p < +∞;
inf{M ∈ [, +∞] | ‖x‖ ≤M}, when p = +∞
for all x ∈ E.
Then (Lp(E),‖ · ‖Lp ) is a normed space and Lp(E) is Tε,λ-dense in E.
Remark . It is easy to see that if (E,‖ · ‖) is complete under the (ε,λ)-topology, then
(Lp(E),‖ · ‖Lp ) is also complete, for ≤ p≤ ∞.
With the above preparations, we can give the proof of Theorem ..
Proof of Theorem . Since f : E → E is a random isometry with f () = , we see that f
is random norm preserving and f |L(E) is a mapping from L(E) to L(E). It is clear that
(L(E),‖ · ‖L ) and (L(E),‖ · ‖L ) are two Banach spaces and f |L(E) : (L(E),‖ · ‖L ) →
(L(E),‖ · ‖L ) is a surjective isometry with f () = . By classical Mazur-Ulam theorem,
we see that f |L(E) is linear. Since L(E) is dense in E and f is continuous under Tε,λ, it is
clear that f is a random linear functional. Since |f (x)| = ‖x‖, we see that f is an L-linear
function from Lemma .. 
Making use of Theorem . and the relations between random normed modules and
classical normed spaces, we give the proof of Theorem ..
Proof of Theorem . Let A = [ε = ], Bi = [i– ≤ ε < i], and Ci = [ i ≤ ε < i– ] for any
i ∈ N . Since ε ∈ L+(F ), it is clear that A, Bi, and Ci, i ∈ N , is a countable partition of 
to F . For any i ∈N , let f¯i : I˜Bi · E → I˜Bi · E be deﬁned by f¯i(x) = I˜Bi · f (x) for any x ∈ I˜BiE.
For any t ∈ I˜Bi · E, since f is surjective, there is s ∈ E such that f (s) = t. It is easy to see
that
t = f (s) = I˜Bi f (s) = I˜Bi f (I˜Bi s) = f¯i(I˜Bi s).
Hence, f¯i is surjective from I˜Bi · E to I˜Bi · E. Since f is a random ε-isometry and has the
local property, we see that
∣∣∥∥f¯i(x) – f¯i(y)∥∥ – ‖x – y‖∣∣≤ ε for any x, y ∈ I˜Bi · E,
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and f¯i|L∞(I˜Bi ·E) is also surjective from L
∞(I˜Bi · E) to L∞(I˜Bi · E). On one hand, for any
x, y ∈ L∞(I˜Bi · E), since ‖f¯i(x) – f¯i(y)‖ ≤ ‖x – y‖ + ε, it is easy to see that ‖f¯i(x) – f¯i(y)‖ ≤
‖x – y‖L∞ +  · i–. Thus, by Lemma ., it follows that
∥∥f¯i(x) – f¯i(y)∥∥L∞ ≤ ‖x – y‖L∞ +  · i–.
On the other hand, it is easy to see that
∥∥f¯i(x) – f¯i(y)∥∥L∞ ≥ ‖x – y‖L∞ –  · i–.
Hence, we can see that f¯i|L∞(I˜Bi ·E) : L
∞(I˜Bi · E)→ L∞(I˜Bi · E) is surjective with
f¯i|L∞(I˜Bi ·E)() = 
and
∣∣∥∥f¯i|L∞(I˜Bi ·E)(x) – f¯i|L∞(I˜Bi ·E)(y)∥∥L∞ – ‖x – y‖L∞ ∣∣≤  · i–.
By Theorem ., we see that there exists a surjective linear isometry g¯i : L∞(I˜Bi · E) →
L∞(I˜Bi · E) such that
∥∥f¯i|L∞(I˜Bi ·E)(x) – g¯i(x)∥∥L∞ ≤  · i– for any x ∈ L∞(I˜Bi · E).
Next, we prove I˜Gc g¯i(I˜Gx) =  for any x ∈ L∞(I˜Bi · E) and G ∈F with G⊂ Bi and P(G) > .
By Lemma ., it is clear that
∥∥f¯i|L∞(I˜Bi ·E)(x) – g¯i(x)∥∥ ≤ ∥∥f¯i|L∞(I˜Bi ·E)(x) – g¯i(x)∥∥L∞ ≤  · i–.
Thus, we see that
g¯i(x)≤ f¯i|L∞(I˜Bi ·E)(x) +  · 
i–
and for any G ∈F with G⊂ Bi and P(G) > ,
I˜Gc g¯i(I˜Gx)≤ I˜Gc f¯i|L∞(I˜Bi ·E)(I˜Gx) +  · 
i– I˜Gc .
Since f has the local property, it is easy to see that
I˜Gc g¯i(I˜Gx)≤  · i– I˜Gc .
Since x is an arbitrary element in L∞(I˜Bi · E) and g¯i is linear, we see that
I˜Gc g¯i(I˜Gx) = 
for any x ∈ L∞(I˜Bi · E) and G ∈F with G⊂ Bi and P(G) > . Since g¯i(x) = g¯i(I˜Gx + I˜Gcx), it
is easy to check that
I˜Gg¯i(x) = I˜Gg¯i(I˜Gx) = g¯i(I˜Gx).
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Now, we prove that ‖g¯i(x)‖ = ‖x‖ for any x ∈ L∞(I˜Bi · E). Assume by way of contra-
diction that ‖g¯i(x)‖ = ‖x‖. Then P([‖g¯i(x)‖ = ‖x‖]) > . Let, without loss generality,
H = [‖g¯i(x)‖ > ‖x‖], and P(H) > . It is clear that H ⊂ Bi and ‖I˜H g¯i(x)‖L∞ > ‖I˜Hx‖L∞
on H . Then we see that
∥∥g¯i(I˜Hx)∥∥L∞ = ∥∥I˜H g¯i(x)∥∥L∞ > ‖I˜Hx‖L∞ .
It is a contradiction, because g¯i is an isometry from L∞(I˜Bi · E) to L∞(I˜Bi · E). Therefore,
we see that ‖g¯i(x)‖ = ‖x‖ and g¯i is continuous under the (ε,λ)-topology. Since L∞(I˜Bi ·E)
is dense in I˜Bi · E under the (ε,λ)-topology, thus we can deﬁne gi : I˜Bi · E → I˜Bi · E by
gi(x) = limn→∞ g¯i(xn)
for any x ∈ I˜Bi ·E, where {xn,n ∈N} is a sequence in L∞(I˜Bi ·E) and converges to x under
the (ε,λ)-topology. From Theorem ., it is easy to see that gi is a surjective L-linear
random isometry from I˜Bi · E to I˜Bi · E and
∥∥f¯i(x) – gi(x)∥∥ ≤  · i– ≤ ε
for any x ∈ I˜Bi · E.
For any i ∈N , let ¯¯fi : I˜Ci · E → I˜Ci · E be deﬁned by ¯¯fi(x) = I˜Ci · f (x) for any x ∈ I˜CiE. By
the samemethod as above, we can prove that for any i ∈N , there exists hi : I˜Ci ·E → I˜Ci ·E
such that hi is a surjective L-linear random isometry from I˜Ci · E to I˜Ci · E and
∥∥ ¯¯fi(x) – hi(x)∥∥ ≤  · i ≤ ε
for any x ∈ I˜Ci · E. Let U : E → E be deﬁned by
U(x) = f (I˜Ax) +
∞i=gi(I˜Bix) +
∞i=hi(I˜Cix).
Then we see that U is a surjective random isometry from E to E with U() =  and
∥∥f (x) –U(x)∥∥ ≤ ε
for any x ∈ E. By Theorem ., U is a surjective L-linear random isometry. It completes
the proof. 
Remark . In Theorem ., we do not obtain a sharp estimate as the classical result,
namely Theorem ., since random normed modules have a complicated stratiﬁcation
structure, which is the essential diﬀerence between randomnormedmodules and classical
normed spaces.
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